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Shear stress fluctuation measurements using an 
electrochemical method in pipe flow 

 
1. Introduction 

 
The detailed structures of the fluctuating turbulent shear flow in the near wall region are extremely important. 

From the engineering point of view, the mean wall shear stress has an importance since it is associated with the sources 
of energy dissipation (drag). Additionally, in wall-bounded flows, the experiments (Alfredsson et al., 1988; Marusic et 
al., 2007) and numerical simulations (Örlü and Schlatter, 2011) found that very large fluctuations of wall shear stress 
can occur well above the mean values. Such large amplitudes of wall shear stress fluctuations are important for 
wall-thinning (or FAC: flow accelerated corrosion). FAC is enhanced by the interaction between the wall shear stress 
and concentration boundary layer (Shan, 2014). From the view of physics, the instantaneous distribution of the shear 
stress is signatures of the coherent structures occurring above the wall. For example, statistically, the footprints of the 
near-wall streaks are clearly visible in wall shear stress (Hutchins et al., 2011). Additionally, the imprint of the 
large-scale structures in log-region is as a modulation of the wall shear stress (Schlatter and Örlü, 2010). 

Several techniques for measuring the wall shear stress have been studied. In general, these techniques are separated 
into two main categories: direct and indirect methods. As a direct method, floating-element sensors are the simplest 
devices available to measure the instantaneous wall shear stress (Winter, 1979). Indirect methods used for shear stress 
measurements include the momentum integral equation and the use of similarities between several turbulent quantities. 
In such indirect methods, the von Karman integral method (White and Frank, 2005), the Clauser plot method (Clauser, 
1954), and the Preston tube (Patel, 1965) are used to measure the mean wall shear stress. Using the similarities between 
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Abstract 
Wall shear stress fluctuations are measured using an electrochemical method in pipe flow. The relationship 
between the mass transfer and the momentum transfer, studied by Hanratty and Campbell (1983) and the 
Chilton–Colburn analogy (Chilton and Colburn, 1934), are compared to each other with respect to the mean 
wall shear stress and the wall shear stress fluctuation. Chilton–Colburn analogy has been applied to measure 
the mean wall shear stress in the fully developed concentration boundary layer. There are few studies 
concerning the feasibility of the Chilton–Colburn analogy for instantaneous wall shear stress measurements. In 
the present study, with the new designed overall electrode, the feasibility of Chilton–Colburn analogy for 
predicting the wall shear stress fluctuations is studied for the first time. The friction factor is used to compare 
the mean wall shear stresses. It is found that both methods can accurately predict the mean wall shear stress. 
The wall shear stress fluctuations are compared via the probability density function and frequency spectrum. 
When the probability density fluctuation is normalized by the standard deviation and the spectrum is 
normalized by the typical time scale, these two methods show the similar statistical properties. It is confirmed 
that with the new designed overall electrode, Chilton–Colburn analogy is available for predicting the wall 
shear stress fluctuations. 

Keywords : Wall shear stress fluctuation, Chilton–Colburn analogy, Electrochemical method, Pipe flow, 
Simultaneous measurement  
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the wall shear stress and other transfer quantities in the near wall region, the instantaneous wall shear stress can be 
measured via a hot wire (Sandborn, 1979) or hot film (Sumer et al., 1993) and electrochemical mass transfer probes 
(Mitchell and Hanratty, 1966). In the present study, we take advantage of the similarities between the mass transfer and 
the momentum to make instantaneous wall shear stress measurements using an electrochemical method. There are two 
methods for establishing the relationship between the wall shear stress and the mass transfer rate: one is a method 
developed by Hanratty and Campbell (1983) and the other is according to the Chilton–Colburn analogy (Chilton and 
Colburn, 1934). 

Under several assumptions, Mitchell and Hanratty (1966) showed how electrochemical mass transfer probes can be 
used to study the time-averaged and instantaneous wall shear stress for a turbulent flow and pointed out the need to 
account for spatial averaging and for the time response of the concentration boundary layer. Hanratty and Campbell 
(1983) gave a summary of the experimental and theoretical problems associated with this technique for measuring the 
instantaneous wall shear stress. In their study, they provided a solution of the mass balance equation for a steady flow. 
Based on their study, it is possible to measure the instantaneous wall shear stress in various flow fields. However, the 
use of this equation has been limited to flows with small amplitude oscillations, owing to the capacitance effect of the 
concentration boundary layer over the electrode (Fortuna and Hanratty, 1971). There are few studies focusing on 
measurements of the instantaneous wall shear stress. 

Under the condition of a fully developed concentration profile, Chilton and Colburn (1934) predicted the mass 
transfer rate using the heat transfer and the fluid friction. Lin et al. (1951) applied the Chilton–Colburn analogy 
between the mass transfer and the fluid friction to verify the average mass transfer rate measured using an 
electrochemical method in turbulence. The agreement between the data and the Chilton–Colburn analogy was within 
the deviation of ± 4.9%. Chin and Hsueh (1986) used an electrochemical method to measure the average mass transfer 
rate on a flat surface from an unsubmerged circular impinging jet, and the Chilton–Colburn analogy has also been used 
to compare the mass transfer characteristics in the impingement and boundary layer regimes to theoretical predictions. 
Silverman (2005) provided a relationship between the mean wall shear stress and the mass transfer rate for a rotating 
cylindrical electrode using the Chilton–Colburn analogy. The Chilton–Coburn analogy is associated with the mass 
transfer, heat transfer, and momentum in turbulence on comparing with the study by Hanratty and Campbell (1983). 
However, the Chilton–Colburn analogy needs to be used under a fully developed concentration profile and is primarily 
applied to mean wall shear stress measurements.  

In electrochemical method, the electrode should be long enough to generate a fully developed concentration 
boundary layer. However, if we use the long electrode for the measurement, the attenuation of the signal averaged over 
the electrode surface is not negligible for the measurement of fluctuations. Therefore, it might be difficult to predict the 
wall shear stress fluctuations by way of Chilton–Colburn analogy with the long electrode. Due to the limitation of long 
electrode setting in the concentration boundary layer, there are few studies concerning verifications confirming the 
application of the Chilton–Colburn analogy for instantaneous wall shear stress measurements. 

As mentioned above, for wall shear stress measurements using electrochemical methods, there are two 
relationships between the mass transfer rate and the wall shear stress that correspond to the method of Hanratty 
(Hanratty and Campbell, 1983) and the Chilton–Colburn analogy. And these relationships can be satisfied to predict the 
time-averaged wall shear stress. However, a comparison between these two methods with respect to predicting the 
mean wall shear stress has not yet been made. For wall shear stress fluctuation measurements, Hanratty and his 
coworkers studied flows with small amplitude oscillations. However, there are few studies verifying predictions of wall 
shear stress fluctuations using the Chilton–Colburn analogy. Therefore, in the present study, to measure the 
instantaneous wall shear stress in pipe flow, two types of electrodes are utilized: a point electrode and our new design, 
called overall electrode, corresponding to the method of Hanratty and Campbell (1983) and the Chilton–Colburn 
analogy (Chilton and Colburn, 1934), respectively. For the point electrode, a single circular electrode with a diameter 
of 1 mm is isolated and flush mounted on the pipe wall and then the concentration boundary layer is developed only on 
the small surface of the electrode. For the overall electrode, even though the mass transfer rate is measured by the 
isolated, flush-mounted point electrode, the concentration boundary layer is fully developed not only over the point 
electrode surface but also over the entire wall surface. 

This study is threefold. First, the mean wall shear stress predictions resulting from the method of Hanratty and 
Campbell (1983) and the Chilton–Colburn analogy are compared. Second, the feasibility of the Chilton–Colburn 
analogy for predicting the shear stress fluctuation using the new designed overall electrode is verified. Third, regarding 
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the point electrode, the spatial resolution effect of the present experiment is studied with the help of direct numerical 
simulation (DNS) data calculated for the channel flow (Mehrez et al., 2019). 

 
2. Experimental apparatus and methods  

 
In this study, the wall shear stress is calculated from the mass transfer rate, which is measured via an 

electrochemical method. We believe that this electrochemical method is one possible way to measure the wall shear 
stress without abruptly changing the hydrodynamic conditions via the connection between the electrodes and the pipe 
wall. The instantaneous wall shear stress is indicated by 𝜏௪෦  and the mass transfer rate is 𝑘෨ . These quantities are 
defined by their means and fluctuations as follows: 𝜏௪෦ = 𝜏௪തതത + 𝜏௪

ᇱ  and 𝑘෨ = 𝑘ത + 𝑘ᇱ. 
 

2.1 Electrochemical method for the mass transfer rate  
Figure 1(a) shows the experimental loop for the mass transfer measurement. The electrolytic solution in the tank is 

circulated through the pipe via a pump. To obtain a fully developed turbulent state, the distance from the pump to the 
test section is set to 75 D, based on the pipe diameter D = 40 mm. 

In this study, to measure the mass transfer rate, we use a three-electrode system (Bard et al., 1980), as shown in 
Fig. 1 (b), which consists of a cathode (as working electrode, WE), an anode (as counter electrode, CE), and a reference 
electrode (RE). The working electrode, which contacts the analyte, acts as the cathode. It is necessary to apply a desired 
potential in a controlled way to facilitate the transfer of charge from the analyte. The counter electrode acts as the anode 
and requires a known potential to balance the charge added or removed by the working electrode. It is extremely 
difficult for the counter electrode to maintain a constant potential while, at the same time, passing the current to counter 
redox events at the working electrode. To solve this problem, the reference electrode is used as an anode with a known 
reduction potential. Its only use is to act as reference when measuring and controlling the potential of the working 
electrode; it does not pass any current. In the present experiment, the test section made of a nickel pipe, which is 
embedded with nickel electrodes, is as long as 5 D. To ensure that the current flowing into the circuit is controlled by 
reactions at the working electrode surface, nickel pipes with large lengths are used as counter electrodes and are located 
upstream and downstream of the test section. The lengths of the counter electrodes are 25 D (upstream) and 7 D 
(downstream). The reference electrode is located in the test section as shown in Fig. 1(a). 

 

 
Fig. 1 (a) Schematic view of the experimental apparatus for the mass transfer measurement. (b) The three-electrode setup: 

working electrode (WE); counter electrode (CE); and reference electrode (RE). 

 
In the test section, to prevent the effect of the concentration boundary layer developed by the upstream electrode on 

the adjacent downstream electrode, eight working electrodes are arranged spirally along the pipe. The angle between 
each electrode is 10° in the pipe cross-section, and the distance between each electrode is 0.4 R along the pipe 
streamwise, as shown in Fig. 2 (a). The suffix “ch” is used to denote the position of the working electrodes. The 
working electrodes are also made of nickel, are 1 mm in diameter, and are mounted on the pipe surface. The electrodes 

(a) 

(b) 
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are isolated against the pipe wall with a distance of 0.3 mm. Acrylic resin is used as an isolating layer. 
The electrolytic solutions, which are used to measure the mass transfer rates in this study, are redox couples of 

ferrocyanide and ferricyanide ions with a concentration of 0.25 mol/mଷand 𝐾ଶ𝑆𝑂ସ as an unreactive electrolyte. The 
reactions in these systems are 

 
𝐹𝑒(𝐶𝑁)

ଷି + 𝑒ି → 𝐹𝑒(𝐶𝑁)
ସି  on the WE (cathode) and 

𝐹𝑒(𝐶𝑁)
ସି → 𝐹𝑒(𝐶𝑁)

ଷି + 𝑒ି  on the CE (anode). 
 

 
Fig. 2 Point electrode arrangement in the test section: (a) front view of the electrode arrangement and (b) sectional view of the 

electrode arrangement. 

 
When a voltage is applied to the electrode, a redox reaction occurs on the electrode surface, causing a current. The 

current increases with the voltage until no further increase occurs at sufficiently high voltages. Under these conditions, 
the current flowing through the circuit is controlled by the mass transfer rate (Mizushina, 1971). The mass transfer rate 
𝑘෨  is calculated as 

 
𝑘෨ = 𝑖/𝐴𝑛𝐹(𝑐 − 𝑐௪)  (1) 

 
where 𝑐 is the concentration of the bulk, 𝑐௪ is the concentration near the wall, 𝐴 is the surface area of the electrode, 
𝑛 is the valence charge of an ion, 𝐹 is the Faraday constant, and 𝑖 is the current measured by the three-electrode 
system using a potentiostat. 

 

 

Fig. 3 Schematic view of electrode settings. (a) Normal point electrode (𝐿 = 𝐿); (b) new designed overall electrode (𝐿 ≫

𝐿). An image of the concentration boundary layer is shown by green color for each electrode. 

 

(a) 

(a) 

(b) 

(b) 
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2.2 Wall shear stress calculation  
In present electrochemical method, the length of concentration boundary layer is defined as 𝐿, and the length of 

the electrode for measuring the mass transfer rate is defined as 𝐿 as shown in Fig. 3. The lengths of concentration 
boundary layers 𝐿 are different for the point electrode and present new designed overall electrode. 

For point electrode, the working electrode is the point electrode itself, as shown in Fig.3 (a). The concentration 
boundary layer develops only on the surface of point electrode with the length 𝐿. Therefore, the length of the 
concentration boundary layer equals the length 𝐿 of circular electrode (𝐿 = 𝐿). For overall electrode, the working 
electrode is the entire nickel pipe of the test section, as shown in Fig. 3 (b). Then, the concentration boundary layer 
develops on the entire pipe wall surface of the test section with the length 𝐿 = 5𝐷 (5𝐷 is length of test section). 
Therefore, the concentration boundary layer length does not equal the length 𝐿 of circular electrode (𝐿 = 5𝐷 ≠ 𝐿). 
It is noted that the mass transfer rate (or limiting current in Eq. (1)) is measured in the electrode length (𝐿) in both the 
point electrode and overall electrode settings. 

There are two methods of calculating the wall shear stress from the mass transfer rate. One method was 
summarized by Hanratty and Campbell (1983) for the case of a two-dimensional electrode, whose long side is 
perpendicular to the mean flow direction. If the electrode is small in the flow direction, as shown in Fig. 3 (a), the 
concentration boundary layer over the point electrode is thin enough to be located under the viscous sublayer and the 
relationship between the measured mass transfer rate 𝑘ത and the velocity gradient �̅� satisfies 

 

𝑘ത = 𝐶(
𝐷

ଶ�̅�

𝐿

)ଵ/ଷ (2) 

 
where 𝐿 is the length of concentration boundary layer (𝐿 = 𝐿  in case of point electrode, associated with the 
method of Hanratty and Campbell (1983)), 𝐷 is the diffusion coefficient and 𝐶 is constant. The wall shear stress 𝜏௪തതത 
is calculated such that 𝜏௪തതത = 𝜇�̅�. Therefore, the relationship between the mass transfer rate and the wall shear stress is 
given as 

 

𝜏௪തതത = 𝜇�̅� = 𝐶ିଷ𝜇
𝐿𝑘തଷ

𝐷
ଶ  (3) 

 
In Eq. (3), the coefficient 𝐶 includes the effect of the electrode shape and size. Hanratty and Campbell (1983) 

gave one solution for the value of 𝐶 = 1.5/(9ଵ/ଷΓ(4/3)) for predicting the mean wall shear stress according to 
several assumptions for a two-dimensional electrode; however, based on their method, fluctuations of wall shear stress 
could not be measured at high frequency nor large amplitude flow. 

Another method is to use the Chilton–Colburn analogy, which is an analogy between the heat, momentum, and 
mass transfer rate. Using the relationship between the momentum and mass transfer rate, we can evaluate the shear 
stress via a mass transfer measurement (Chilton and Colburn, 1934). The Chilton–Colburn analogy is valid for a fully 
developed concentration profile in a turbulent flow. Therefore, we designed an overall electrode, where the 
concentration boundary layer is fully developed on the entire wall surface, as shown in Fig. 3 (b). The concept of an 
overall electrode is that the same voltage is applied not only to the nickel electrode but also to the nickel pipe of the test 
section. Therefore, the concentration boundary layer can develop over the entire wall surface of the test section. And 
the mass transfer rate is measured by the isolated point electrode, as shown in Fig. 3 (b). 

The J-factors defined in the Chilton–Colburn analogy need to satisfy 
 

𝑗 = 𝑗 =
𝐶

2
 (4) 

 
where 𝑗 represents the mass transfer, 𝑗 represents the heat transfer, and 𝐶 represents the fluid friction. Further, 

 

𝑗 =
𝑆ℎ

𝑅𝑒𝑆𝑐ଵ/ଷ
 , 

𝐶

2
=

𝜏௪തതത

𝜌𝑈
ଶ

 (5) 
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where 𝑆ℎ is the Sherwood number and 𝑆𝑐 is the Schmidt number, and 𝑈 is the cross-section mean velocity. And 
 

𝑆ℎ

𝑅𝑒𝑆𝑐ଵ/ଷ
=

𝜏௪തതത

𝜌𝑈
ଶ

 (6) 

𝜏௪തതത = 𝜌𝑈𝑘ത(
𝜈

𝐷

)ଶ/ଷ (7) 

 
where 𝜌 is the density of the electrolytic solutions, and 𝜈 is the viscosity. 

According to the above two methods, the normal point electrode is designed as shown in Fig. 4 (a) so that the 
voltage is applied only on the small electrode as the cathode; meanwhile, for the overall electrode, as shown in Fig. 4 
(b), the entire test section is used as the cathode, loading the same voltage on the test section as on the small electrode. 
But the mass transfer is measured at isolated local point electrode. 

In turbulent flows, the mean wall shear stress 𝜏௪തതത can be predicted from the averaged mass transfer rate 𝑘ത by the 
methods of Hanratty and Campbell (1983) (according to Eq. (3)) and Chilton–Colburn analogy (according to Eq. (7)), 
as reported by Mizushina (1971) and Lin et al. (1951), respectively. However, the wall shear stress fluctuations are less 
studied in the experiment due to the difficulties of achieving the undisturbed flow field. 

Although based on the method of Hanratty and Campbell (1983), the Eq. (3) can be used for predicting the wall 
shear stress fluctuations, it has large errors at the high frequency and large amplitude flows. Due to the serious 
attenuation of the signal over the large length electrode surface, Chilton–Colburn analogy lacks in predicting the wall 
shear stress fluctuations and has been applied only for measuring the mean wall shear stress with the condition of fully 
developed concentration boundary layer. However, in present study, with our new designed overall electrode, Chilton–
Colburn analogy is applied and studied for the instantaneous wall shear stress measurement by the overall electrode 
setting, according to Eq. (7). 

 

 

Fig. 4 Schematic view of the connections between the WE, CE, and RE: (a) the point electrode and (b) the overall electrode.  

 
2.3 Experimental setup and conditions  

In the present experiment, a potentiostat is used to maintain the potential of the working electrode at a constant 
level with respect to the reference electrode by adjusting the current at the counter electrode. The potential of the 
working electrode is maintained at −0.6 V relative to the reference electrode. In the case of the point electrode, as 
shown in Fig. 4(a), a single potentiostat is used to develop the concentration boundary layer on the surface of the point 
electrode. However, in the case of the overall electrode, as shown in Fig. 4(b), to create the fully developed 
concentration boundary layer, the voltage is applied not only to the embedded electrode but also to the entire wall of the 
test section. Therefore, when using the overall electrode, two potentiostats are used to apply the same voltage on the 
embedded point electrode and the pipe wall of the test section. 

The Reynolds number 𝑅𝑒, based on the pipe diameter D and the mean cross-sectional velocity 𝑈, is varied 
from 25,000 to 65,000, in the present experiment. The friction Reynolds number 𝑅𝑒ఛ, based on the pipe radius R (D/2) 
and the friction velocity 𝑢ఛ, is varied from 700 to 1582. The data are recorded using a 12-bit AD converter with 1 kHz 
for 30 min (Tong et al., 2018). 

 
3. Results and Discussion 
3.1 Mean values of the mass transfer rate and wall shear stress  

In previous studies (Son and Hanratty, 1967; Shaw and Hanratty, 1977; Sydberger and Lotz, 1982), the influence of 

(a) (b) 
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the length of the concentration boundary layer on the average mass transfer rate was reported. According to the study 
by Son and Hanratty (1967), the concentration boundary layer, which develops on a small electrode surface, as shown 
in Fig. 3 (a), is so thin that the diffusion in the flow direction, as well as the curvature of the pipe wall, can be ignored. 
Under this condition, the relationship between the dimensionless average mass transfer rate 𝐾ା(𝐾ା = 𝑘ത/𝑢ఛ) and the 
concentration boundary layer length 𝐿

ା  (𝐿
ା = 𝐿𝑢ఛ/𝜈) is approximated by 𝐾ା = 0.81(𝐿

ା)ିଵ/ଷ𝑆𝑐ିଶ/ଷ  (Son and 
Hanratty, 1967). However, when the length 𝐿

ା increases to a large value, the dimensionless average mass transfer rate 
𝐾ା is independent of the concentration boundary layer length 𝐿

ା. Under this condition, when 693 ≤ 𝑆𝑐 ≤ 5070, 𝐾ା 
satisfies the empirical equation of 𝐾ା = 0.0978 𝑆𝑐ି.ଵ (Shaw and Hanratty, 1977). 

The thickness of concentration boundary layer is estimated by 𝛿 = 𝐷/𝑘ത (called Nernst Equation, Hanratty and 
Campbell, 1983). 𝐾ା is related with 𝛿

ା as the relation of 𝐾ା = (𝛿
ା)ିଵ𝑆𝑐ିଵ. According to the previous studies, the 

concentration boundary layer is fully developed, when 𝐾ା is independent of the concentration boundary layer length 
𝐿

ା. For our experiment, with fixed 𝑆𝑐, when 𝛿
ା is constant (or the concentration boundary layer is fully developed), 

the dimensionless mass transfer rate 𝐾ା becomes constant. 
Therefore, according to the above two empirical equations, when 𝑆𝑐 = 2100, the critical length for confirming the 

fully developed concentration boundary layer is 𝐿
ା = 1.76 × 10ଷ, as shown in Fig. 5.  

 

 

Fig. 5 Dimensionless average mass transfer rate 𝐾ା as a function of the concentration boundary layer length 𝐿
ା. The solid 

black line indicates 𝐾ା = 0.81(𝐿
ା)ିଵ/ଷ𝑆𝑐ିଶ/ଷ (Son and Hanratty, 1967), and the dotted black line indicates 𝐾ା =

0.0978𝑆𝑐ି.ଵ (Shaw and Hanratty, 1977). The solid yellow circles indicate measurements by the point electrode, 
and the red squares indicate measurements by the overall electrode. 

 
Figure 5 shows a plot of the dimensionless average mass transfer rate 𝐾ା versus the concentration boundary layer 

length 𝐿
ା for the present experiment at 𝑆𝑐 = 2100. The friction velocity 𝑢ఛ is obtained using the Blasius equation 

based on a previous study (Tong et al., 2018). In the point electrode measurement (that is, 𝐿=𝐿), 𝐿
ା is calculated by 

the length of circular point electrode with 1mm diameter. The results match with the empirical equation 𝐾ା =

0.81(𝐿
ା)ିଵ/ଷ𝑆𝑐ିଶ/ଷ (Son and Hanratty, 1967). In the new designed overall electrode measurement (that is, 𝐿 = 5𝐷), 

𝐿
ା is calculated by the length of test section. With traditional concept, the mass transfer rate should be measured by the 

electrode where concentration boundary is developed. However in the present study, even though the concentration 
boundary layer is fully developed over the length 𝐿 = 5𝐷, the mass transfer rate is measured by a local small point 
electrode (1mm in diameter) which is isolated in the region where concentration boundary layer is fully developed, as 
shown in Fig. 3 (b). The results are plotted in Fig. 5 as red square symbols.  

Even though the mass transfer rates were measured by small point electrode (𝐿 ≪ 𝐿), they are close to the 
empirical relation 𝐾ା = 0.0978𝑆𝑐ି.ଵ (Shaw and Hanratty, 1977). It is indicated that the present new designed 
overall electrode is available for measuring the average mass transfer rate under fully developed concentration 
boundary layer.   

Figure 6 shows the relationship between the average mass transfer rate and the mean wall shear stress. The vertical 
axis shows the average mass transfer rate 𝑘ത measured by the electrochemical method, and the horizontal axis shows 
the mean wall shear stress 𝜏௪തതത evaluated via the Blasius equation (𝜆 = 0.3164 𝑅𝑒ି.ଶହ). The yellow circles with the 
solid lines and the red squares with the dashed lines show the results for the point electrode (Eq. (3)) and the overall 
electrode (Eq. (7)), respectively. However, the parameter C in Eq. (3) is different from the value estimated by Hanratty 
and Campbell (1983); the value of C is corrected according to the shape and size of present electrode. In this study, the 
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above solid and dashed lines were used as a calibration curve to evaluate the wall shear stress fluctuations of the point 
and overall electrodes. 

 

 
Fig. 6 Calibration curve for the electrochemical method. The solid black line indicates the shear stress estimated by the 

Blasius equation and transformed into 𝑘ത using Eq. (3) with the value of C different from Hanratty and Campbell 
(1983), corresponding to the point electrode. The dashed black line indicates the shear stress estimated by the Blasius 
equation and transformed into 𝑘ത using Eq. (7), corresponding to the overall electrode. The yellow circles indicate the 
present experiment with the point electrode, and the red squares indicate the present experiment with the overall 
electrode. 

 

 
Fig. 7 Friction factor 𝜆 as a function of 𝑅𝑒. The solid black line was derived using the Blasius equation. The solid red 

circles show the DNS results of Khoury et al. (2013) for a pipe flow. The open circles show the experimental results of 
Furuichi et al. (2015). The open pink squares show the present experimental results for the point electrode, and the 
blue diamonds show the present experimental results for the overall electrode. 

 
Due to the different concentration profiles that develop on the point electrode and the overall electrode, the average 

mass transfer rates measured by these two electrodes are different. However, it is assumed that the mean wall shear 
stresses calculated from the mass transfer rate by these two electrodes using Eqs. (3) and (7) would be equal under the 
same flow field. Instead of the wall shear stress, the friction factor 𝜆 is used to determine the consistency of the mean 
wall shear stresses measured by the point and overall electrodes. In Fig. 7, the friction factors, defined as 𝜆 = 8𝑢ఛ

ଶ/𝑈
ଶ , 

are plotted versus the DNS results (Khoury et al., 2013), previous experiments (Furuichi et al., 2015), and the 
estimations given by the Blasius equation. It can be seen that the present experiment agrees with these friction factors. 
The mean wall shear stresses calculated according to the Chilton–Colburn analogy and the method of Hanratty and 
Campbell (1983) have already been presented; however, this is the first time that the mean wall shear stresses predicted 
by these two methods have been compared under the same turbulent flow conditions. The similar mean values of the 
wall shear stress measured by the point electrode and the overall electrode, as well as the comparison of the DNS 
results and the empirical equation, conclude that, even though the concentration boundary profiles develop differently 
on these two types of electrodes, both can accurately predict the mean wall shear stress. 

Adopting the solid line (Eq. (3)) and dashed line (Eq. (7)) in Fig. 6 as calibration curves for measuring the shear 
stress fluctuations, their statistical features are studied in the next section. Equation (3) has been used to estimate shear 
stress fluctuations that are low-frequency and large-amplitude oscillations, called pseudo-steady states (Hanratty and 
Campbell, 1983). However, whether the fluctuations can be measured using Eq. (7) have not been studied. Nor have the 
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differences in the shear stress fluctuation between a point electrode and an overall electrode been discussed. 
 

3.2 Fluctuations of the mass transfer rate and wall shear stress  
3.2.1 Fluctuations of the mass transfer rate  

The distribution of fluctuations plays an important role in direct measurement techniques. Probability density 
functions (PDFs) of the mass transfer rate are shown in Fig. 8 and are compared for the point electrode and the overall 
electrode. The data are plotted to show the distribution and Reynolds number trends on a linear scale and to emphasize 
the tail region on a logarithm scale. It is obvious from the results predicted by the overall electrode that the probability 
of a negative fluctuation occurring at the wall is not zero; the peak is shifted in the negative direction compared to the 
point electrode, and a higher peak than the distribution of the point electrode is observed. The longer positive tail of the 
overall electrode PDF indicates much more frequent positive fluctuations, which is consistent with a positive skewness 
factor. In addition, there is a little Re-number dependency for both the point electrode and the overall electrode when 
the fluctuation is normalized by its standard deviation. Skewness S and Flatness F are plotted in Fig. 8 (b) against the 
Reynolds number. 

 

 
Fig. 8 (a) PDFs at different Reynolds numbers of the mass transfer rate: linear scale (left) and logarithmic scale (right). Red 

corresponds to the overall electrode and black corresponds to the point electrode. The solid line indicates 𝑅𝑒ఛ = 700, 
the dashed line indicates 𝑅𝑒ఛ = 936, the dotted line indicates 𝑅𝑒ఛ = 1178, and the dashed-dotted line indicates 𝑅𝑒ఛ 
= 1403. (b) Flatness factor and Skewness factor of mass transfer rate. Solid line with open circles is the flatness factor, 
dotted line with open triangles is the skewness factor. Red indicates the overall electrode; Black indicates the point 
electrode. 

 
The power spectrum density function was calculated to discuss the difference in the fluctuations between the point 

electrode and the overall electrode. The one-sided frequency power spectrum density function 𝐸(𝑓) is defined as 
 

න 𝐸(𝑓)𝑑𝑓
ାஶ



= 2 න 𝐸ଵ(𝑓)𝑑𝑓 = 𝜎ଶ
ାஶ

ିஶ

 (8) 

 
where f is the frequency and σ is the standard deviation. Even though a Re-number dependence of the spectrum exists, 
the differences in the spectra of the point electrode and the overall electrode are independent of the Reynolds number. 
Figure 9 shows the spectrum at 𝑅𝑒ఛ = 1178. It is obvious that the spectrum of the overall electrode is higher than that 
of the point electrode up to a low frequency near 4 Hz, which corresponds to the large-scale length of 6 R (R is the pipe 
radius) based on the Taylor’s frozen flow hypothesis, where the convection velocity is calculated as 𝑈 = 10 𝑢ఛ for 
𝑦ା < 5 (Geng et al., 2015). Then, the spectrum level becomes opposite in the higher frequency region. These 
differences are likely due to the different frequency responses of the concentration boundary layer for the point 
electrode and the overall electrode. Further, in the case of the overall electrode, the concentration boundary layer is 

(a) 

(b) 
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fully developed over the entire wall surface; therefore, the local mass transfer fluctuation is affected by the entire 
concentration boundary layer. 
 

 
Fig. 9 Comparison of the spectra for the mass transfer rate measured by the point electrode and the overall electrode at 𝑅𝑒ఛ = 

1178. Black corresponds to the point electrode, and red corresponds to the overall electrode. 

 

 

Fig. 10 PDFs of the wall shear stress: linear scale (left) and logarithmic scale (right). The solid green line indicates the DNS 
results for a channel flow (Mehrez et al., 2019), the black solid circles and line indicate the experimental results for 
the point electrode, and the red solid circles and line indicate the experimental results for the overall electrode. 𝑅𝑒ఛ 
is 1000 for the DNS and 1178 for the experiment. 

 
3.2.2 Fluctuations of the wall shear stress  

The fluctuations of the wall shear stress and the velocity are directly related to each other in the vicinity of the wall. 
Recent studies have revealed a potential influence of large-scale motions on small-scale near-wall structures (Hutchins 
and Marusic, 2007; Tong et al., 2018), and such an influence could be detected by a local point probe, which 
corresponds to the small point electrode in the present study. However, accurate wall shear stress fluctuation 
measurements are difficult due to problems associated with the spatial resolution and the frequency response of the 
probe (Alfredsson et al., 1988; Kunkel and Marusic, 2003). Figure 10 shows PDFs of the wall shear stress fluctuation 
normalized by the standard deviation for the present experiment at 𝑅𝑒ఛ = 1178. It is obvious that the fluctuation 
distributions predicted by the overall electrode are nearly same as the distributions of the point electrode, as well as 
those of previous experiments (Wietrzak et al., 1994; Colella et al., 2003). The shear stress fluctuation of the DNS at 
𝑅𝑒ఛ = 1000 in the channel flow is also plotted for comparison (Mehrez et al., 2019). It is clear that the DNS results 
exhibit a higher peak than the distribution of the present experiment and that the peak of the DNS results is shifted in 
the negative side compared to the experiment. Such a difference likely originates from the attenuation of the signal over 
the electrode surface. 

The power spectra of the wall shear stresses measured by the point electrode and the overall electrode are also 
compared. Due to the difference in the concentration boundary layers of the point electrode and the overall electrode, 
the typical time scales detected by the two electrodes are different. To compare the spectra of the point electrode and 
the overall electrode, the spectra are normalized with respect to the typical time scales of each electrode. The typical 
time scale ∆𝑡 is defined based on the auto-correlation function, as shown in Fig. 11. The auto-correlation function is 
defined as 

 

10



2
© 2019 The Japan Society of Mechanical Engineers[DOI: 10.1299/jfst.2019jfst0013]

Tong, Tsuneyoshi and Tsuji, Journal of Fluid Science and Technology, Vol.14, No.2 (2019)

𝑐(∆𝑡) = 〈𝜏௪
ᇱ (𝑡)𝜏௪

ᇱ (𝑡 + ∆𝑡)〉/𝜎ଶ (9) 

 
It is assumed that the correlation coefficient 𝑐(∆𝑡) decreases as the time interval ∆𝑡 increases. At a sufficiently 

large value of ∆𝑡, the shear stresses 𝜏௪
ᇱ (𝑡) and 𝜏௪

ᇱ (𝑡 + ∆𝑡) are uncorrelated. The typical time scale ∆𝑡 is given 
by the zero crossing, which is defined as 

 
∆𝑡 = ∆𝑡|(∆௧)ୀ  (10) 

 

 
Fig. 11 Auto-correlation curve of the wall shear stress. The black line indicates the point electrode with the zero crossing at 

∆𝑡 = 0.15 s. The red line indicates the overall electrode with the zero crossing at ∆𝑡 = 0.44 s. 

 

 
Fig. 12 Power spectra of the wall shear stress normalized by the typical time. The solid black line is measured by the point 

electrode, and the solid red line is measured by the overall electrode where 𝑅𝑒ఛ = 1178. 

 
Figure 12 shows the spectra for a comparison of the point electrode and the overall electrode. It is clear that the 

spectra of the two electrodes match very well over the entire frequency region. The same statistics between point 
electrode and overall electrode are consistent with the result of PDF. These results conclude that, for the 
electrochemical method, both Eq. (3) and Eq. (7) can be used to calculate the instantaneous wall shear stress and give 
similar shear stress fluctuation distributions. 

Note that the consistency of fluctuation statistics between the point electrode and the overall electrode is realized 
well in the case of a canonical flow field, such as a circular tube, channel, and boundary layer. However, the 
consistency is not always satisfied in a complex turbulent flow field where the flow is not stationary, or when the 
concentration boundary layer is not two dimensional. 

 
3.2.3 Spatial resolution effect in the experiment  

In previous studies, the differences in the spectra have been discussed (Sreenivasan and Antonia, 1977; Keith et al., 
1991; Wei and Willmarth, 1989) and have been attributed to the poor frequency response and spatial resolution of the 
measurement probe. Since the PDFs are different between DNS (Mehrez et al., 2019) and present experiment, we 
suppose this difference is due to the finite area of electrode in the experiment, which attenuates the spatial resolution, 
and is due to the non-uniform concentration (or not two-dimensional) boundary layer developed on the circular 
electrode surface. In order to evaluate the effect of spatial resolution on the present measurement by small point 
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electrode, DNS data are used in the following.  
The shear stress fluctuations of DNS are averaged over some area and PDF and spectrum are calculated. These 

results, in turn, are used to discuss how PDF and spectrum varies depending on the size of averaged area. 
In the experiment, the dimensionless surface area (normalized by the viscous scale) of the point electrode is 𝐴ା =

1.09 × 10ସ. The space-averaged areas of the DNS are simple square shapes and 𝐴ା = 3.89 × 10ଷ, 1.10 × 10ସ, 
3.17 × 10ସ and 3.52 × 10. 

 

 

Fig. 13 PDFs of the wall shear stress: linear scale (above) and logarithmic scale (below). The solid green line indicates the 
DNS results for a channel flow (Mehrez et al., 2019). (a) Comparison of PDFs among the averaged DNS areas: pink 
indicates 𝐴ା = 3.89 × 10ଷ, blue indicates 𝐴ା = 1.10 × 10ସ, and purple indicates 3.52 × 10. (b) Comparison of 
PDFs among the averaged DNS results and the experiment: the solid blue line indicates DNS with 𝐴ା = 1.10 × 10ସ, 
yellow line indicate 𝐴ା = 3.17 × 10ସ and the dotted black line indicates the point electrode with 𝐴ା = 1.09 × 10ସ. 
𝑅𝑒ఛ is 1000 for the DNS and 1178 for the experiment. 

 
With the help of DNS data, we analyze how PDF changes with increasing averaged area. Figure 13 (a) shows the 

comparison of PDFs among different averaged areas. The averaged areas are 𝐴ା = 3.89 × 10ଷ, 1.1 × 10ସ and 3.52 ×

10. It is clear to see that with increasing averaged area, the peak of the PDF is towards to the positive side, 
approaching to zero and its value decreases. Especially, the positive tail part region becomes small with increasing 
averaged area. From these results it is concluded that the positive high amplitude fluctuations are attenuated with 
increasing the averaged areas. 

Figure 13 (b) shows the comparison among DNS (𝐴ା = 1.1 × 10ସ ) and experiment (𝐴ା = 1.09 × 10ସ). It 
indicates that with the similar spatial averaged area, the PDF of experiment is different with DNS, especially the 
positive tail part region is smaller than DNS. The better agreement is obtained by the averaged area of 𝐴ା =

3.17 × 10ସ, which is approximately three times larger than the point electrode area of experiment.  
This area difference is attributed to the electrode shape. In the experiment, electrode shape is circle, but the space 

averaged area of DNS data is square. However, the main issue of discussion is the attenuation of PDF, which is 
confirmed with the help of DNS data. In the further experiment, the smaller electrode size may increase the accuracy of 
shear stress measurement in present system. 

A comparison of the spectra is made using the wavenumber spectra, which is defined as 
 

න 𝜙(𝑘௫)𝑑𝑘௫

ାஶ



= 2 න 𝜙ଵ(𝑘௫)𝑑𝑘௫ = 𝜎ଶ
ାஶ

ିஶ

 (11) 

 
where 𝑘௫ is the streamwise wavenumber. The convection velocity 𝑈, which is used to calculate the wavenumber 
from the frequency (𝑘௫ = 2𝜋𝑓/𝑈) in the present experiment, is given by 𝑈 = 10𝑢ఛ for 𝑦ା < 5 (Geng et al., 2015). 
Figure 14 shows the comparison of spectra among the DNS data. The streamwise wave number is normalized by pipe 

(a) (b) 
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radius R in experiment and channel half height h in DNS. The spectra are normalized by standard deviations. DNS data 
are averaged in square shape over the area 𝐴ା = 1.1 × 10ସ and 3.17 × 10ସ. It can be seen from Fig. 14 that with 
increasing averaged area of DNS, the high wave-number spectrum fails to be displayed. The finite area average 
decreases the spatial resolution and loses the detection of the high frequency fluctuations. The spectrum of experiment 
is different from that of DNS especially in high wave-number region. A better agreement is confirmed in the low 
wave-number regions around 20Hz for the spectrum of averaged area 𝐴ା = 3.17 × 10ସ.  

The inconsistent space-averaged area between DNS and experiment is due to the edge effect of the circular 
electrode, which was mentioned before. From the comparison of spectra among space-averaged DNSs and experiment, 
it is concluded that the frequency resolution of experiment is not enough because the finite size of electrode. 

 

 

Fig. 14 Wavenumber spectra of the wall shear stress. The solid green line indicates the DNS results for a channel flow 
(Mehrez et al., 2019), the solid blue line indicates the DNS results with 𝐴ା = 1.10 × 10ସ, yellow line indicates 
𝐴ା = 3.17 × 10ସ. The dotted black line indicates the point electrode with 𝐴ା = 1.09 × 10ସ of experiment. 𝑅𝑒ఛ is 
1000 for the DNS and 1178 for the experiment. 

 
From the PDF and spectral statistical approaches, similar distributions of the wall shear stress fluctuations are 

obtained via the Chilton–Colburn analogy and the method of Hanratty and Campbell (1983) because a sufficient 
agreement of the statistics between the overall electrode and the point electrode is confirmed. However, when the 
spatial resolution is taken into consideration, compared to the DNS results, it appears from the PDFs and spectrum that 
the present experiment cannot accurately predict large amplitude and high frequency of wall shear stress fluctuations; 
this difference between experiments and DNSs has been reported in previous studies (Hu et al., 2006). 

 
3.3 Two-point correlations of the local mass transfer rate  

In previous study (Tong et al., 2018), it was discussed how large-scale structures in log region affect the near wall 
region via the simultaneous measurement of flow field and mass transfer rate. By comparing the two-point correlations 
of the streamwise velocity fluctuation and mass transfer fluctuation, the mass transfer rate at the wall is observed to be 
related to the large-scale velocity structures in the log region. Therefore, in previous study, it is concluded that the 
footprint of large-scale turbulent structures in the log region affects the near-wall region, enhancing the mass transfer 
rate. However, the streamwise motions of large-scale structure in log region and mass transfer rate in the near wall 
region were not analyzed. In present study, we directly compare the convection velocity of mass transfer rate and the 
velocity structures in the near wall region by way of two-point correlation and DNS data. 

The statistical properties of the structure associated with the mass transfer fluctuation 𝑘ᇱ between adjacent 
electrode positions are studied via the two-point correlation. The two-point correlation coefficient is defined as 

 
𝑅(∆𝑡) = 〈𝑘

ᇱ (𝑡)𝑘
ᇱ (𝑡 + ∆𝑡)〉/(𝜎𝜎) , m = 1, 2 …7; n = m+1 (12) 

 
where lower subscripts m and n indicate the electrode channel (see Fig. 2), and their standard deviations are expressed 
by σ. 

Figure 15 shows the correlation coefficient versus the time lag at different Reynolds numbers 𝑅𝑒. It is obvious 
that the value of the peak of the correlation coefficient increases with 𝑅𝑒 and that the time lag ∆𝑡 at the peak 
decreases.  
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According to the previous study (Tong et al., 2018), the mass transfer rate is influenced by the footprints of the 
large-scale turbulent streamwise velocity structures observed in the log region. The spanwise width of the large-scale 
velocity structures close to the wall is approximately 0.2 R (Tong et al., 2018), which is of the same order as the 
spanwise distance of 0.17 R of the present electrode positions (as indicated in Fig. 2 (a)). Due to this, we suspect that 
the two adjacent electrodes are affected by the same large-scale turbulent velocity structures; the very short time lags 
∆𝑡 of the peak may indicate the streamwise motion of footprint of large-scale structures. For this verification, the 
streamwise convection velocity is estimated based on the two-point correlation of mass transfer rate, and is compared 
with DNS estimation (Geng et al., 2015).  

 

 
Fig. 15 Two-point correlation of the mass transfer rate as a function of the time lag: full plot (above) and partial enlargement 

(below). Blue indicates 𝑅𝑒 = 25,000, red indicates 𝑅𝑒 = 35,000, yellow indicates 𝑅𝑒 = 45,000, and purple 
indicates 𝑅𝑒 = 55,000. The maximum time lag ∆𝑡 is indicated by the solid vertical line for each Re number: 𝑅𝑒 
= 25,000, ∆𝑡 = 0.014 s; 𝑅𝑒  = 35,000, ∆𝑡 = 0.009 s; 𝑅𝑒  = 45,000, ∆𝑡 = 0.007 s; and 𝑅𝑒  = 55,000, 
∆𝑡 = 0.005 s. 

 
The streamwise convection velocity 𝑈௦, estimated by the mass transfer, is calculated as 
 
𝑈௦ = 𝐿௦/∆𝑡 (13) 

 
where 𝐿௦ (=0.4 R) is the streamwise distance between two adjacent point electrodes. In previous DNS studies of 
channel flows (Geng et al., 2015), the streamwise convection velocity 𝑈 has been estimated as a constant such that 
𝑈 = 10𝑢ఛ for 𝑦ା < 5. A comparison between the DNS and the present experiment is shown in Fig. 16 (a). It 
indicates that the streamwise convection velocity 𝑈௦, estimated by 𝑘ᇱ, has the similar trend of Re-number dependency 
as the convection velocity 𝑈 of DNS estimation. And 𝑈௦ is approximately two times larger than the DNS estimation 
(Geng et al., 2015), as shown in Fig. 16 (b). This might be because the electrode size (d = 1 mm) is relatively large 
compared to the spanwise distance of the electrodes (0.17 R = 6.8 mm). And also the quantitative difference in Fig. 16 
(b) might be due to the spanwise meandering of the large-scale structures (Hutchins and Marusic, 2007). Based on the 
two-point correlation of mass transfer fluctuation, the convection velocity 𝑈௦, estimated by mass transfer rate, has the 
similar features with the convection velocity 𝑈 of DNS estimation. This confirms that the present two adjacent 
electrodes are indeed included in one structure. And the similar Re-number dependency confirms that large-scale 
structure, observed in log-region, do affect the mass transfer rate in the near wall region by its footprint, and the 
footprint has the similar traveling speed with mass transfer rate. 
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Fig. 16 (a) Convection velocities versus 𝑅𝑒: the solid black circles indicate values estimated from the present experiment 

(𝑈௦) and the solid red circles indicate values estimated from the DNS results using the relationship 𝑈 = 10𝑢ఛ for 
𝑦ା < 5 (Geng et al., 2015). (b) Ratio between the experimental and DNS velocities. 

 
4. Conclusions 
 

The dimensionless average mass transfer 𝐾ା versus the length of concentration boundary layer 𝐿
ା was compared 

to previous studies (Son and Hanratty, 1967; Shaw and Hanratty, 1977) to evaluate the feasibility of present new 
designed overall electrode and to verify the accuracy of the point electrode. It is found that the point electrode makes a 
good agreement with empirical equation 𝐾ା = 0.81(𝐿ା)ିଵ/ଷ𝑆𝑐ିଶ/ଷ (Son and Hanratty, 1967), and the mass transfer 
rate measured by new designed overall electrode is similar with the empirical relation 𝐾ା = 0.0978𝑆𝑐ି.ଵ (Shaw 
and Hanratty, 1977). From these results, it is concluded that the present new designed overall electrode can be applied 
for the electrochemical measurement. 

The mean wall shear stresses measured by the point and overall electrodes are compared via their friction factors. 
The present results match well with the Blasius equation and DNS results (Khoury et al., 2013), as well as previous 
experiments (Furuichi et al., 2015), which conclude that both the point electrode and the overall electrode can 
accurately predict the mean wall shear stress. 

The relation between the average mass transfer rate and the mean wall shear stress is used as a calibration curve to 
evaluate the wall shear stress fluctuations of the point and overall electrodes. A sufficient agreement with both previous 
studies and the empirical values indicated the feasibility of the present experimental data measured by the point and 
overall electrodes and that these data could be used to analyze the wall shear stress. 

The fluctuations of the wall shear stress measured by the point and overall electrodes are compared using their 
PDFs and spectra. The shear stress fluctuations measured by the point and overall electrodes have the same statistical 
features. Therefore, we conclude that the Chilton–Colburn analogy can predict the statistical features of the shear stress 
fluctuation. However, such an agreement may only be satisfied in the case of a canonical flow field, such as a circular 
tube, channel, or boundary layer.  

Due to the finite area of electrode of present experiment, the attenuation of signal over the electrode surface cannot 
be neglected. To evaluate the spatial resolution effect on the present fluctuation measurement in experiment, the DNS 
of a channel flow (Mehrez et al., 2019) is used to discuss the effect of the spatial resolution of the experiment. From the 
comparison of PDFs and spectra of shear stress fluctuation with those of DNS data, it is found that the spatial and time 
frequency resolution in experiment are nonidentical with DNS. We conclude that these differences are due to the finite 
size of electrode. 

(a) 

(b) 
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Finally, the two-point correlation of the mass transfer rate between two adjacent point electrode positions is 
examined to discuss the streamwise convection velocity based on the Taylor’s frozen hypothesis and is compared to the 
DNS estimation in a channel flow (Geng et al., 2015). The convection velocity calculated by the mass transfer is 
slightly larger than the measured velocity; however, both velocities display a similar Re-number dependency. Based on 
our previous study (Tong et al., 2018), it is concluded that the large-scale structures do affect the mass transfer rate in 
the near wall region by its footprint and it moves at the similar velocity with mass transfer structure. 
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