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Transition in Energy Spectrum
for Rotating and Stratified turbulence
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spherical wavenumber
Nastrom-Gage’s atmospheric Mark Taylor’s climate model
observation (1985) Both stratification simulation (2008)
(JAS 42 950-960.) and rotation are essential  (CCSM project at NCAR)

N
-3 . enstrophy cascade for Quasi-Geostrophic turbulence (~2D)
-5/3 : Kolmogorov turbulence (3D)

2/22



Transition In Energy Spectrum
for Stratified turbulence

Observations: k23  =p K-5/3

(m the Ocean) Garret-Munk spectrum Kolmogorov spectrum
Munk (1981), Garrett et.al (1981)

transition wavenumbe: k. ~ VN°/e  (Ozmidov scale)
Theory: Munk (1981), Garrett et.al (1981), Lumley (1964), Holloway (1983)

All support the Ozmidov scale for transition

Simulation: cCarnevale, Briscoline & Orlandi (2001)  LES at 1282

Yoshida, Ishihara & Kaneda (2002) LES up to 5123
~ Ozmidov for transition
Waite & Bartello (2004) DNS + hyperviscosity

(Waite & Bartello (2004) for the review)
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Navier-Stokes equation
with the Boussinesq approximation

%+ (U-V)Ju =-Vp+ Wu+ & + F
G (U-V)8 = xV°0 — N°w
A
V-u=20
where :
u=(u v, w) : velocity
0 . temperature fluctuations
N2 = 9% a . Brunt - VXs¥¥frequency
T, a
F . Forcing (horizontal)

4/22



Numerical Methods

forced simulations

2n-periodic box with 10243 grid points (R, ~ 300)
3" order time-marching scheme

Initial energy spectrum : E(k) =0

Force horizontal velocity components

Add red noise to modes within a wave number band

\ (k; ~ 5)

Solving Ornstein-Uhlenbeck process (2nd order
stochastic ODES)
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Enstrophy contours

N2=1 N2=10 N2=50

horizontal S

vertical

As N2 becomes large;

o large scale clusters and elongated streaks appear
In the horizontal plane.

o thin layers and wedge structures develop in the
vertical plane.
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Enstrophy contours (blow-up)
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+ Kelvin-Helmholz billows are observed in the vertical.
+ The billows are not single rollers and chopped in the
horizontal.
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Characteristics of stratified turbulence

Composite of “waves” and “turbulence”

— “Craya-Herring decomposition” to separate
waves and turbulence

Highly anisotropic
) Need suitable avaraging

k = k, ® k
cylindrical K (- i K, planar

=

k == K

X X 8/22



“Craya-Herring” decomposition
V-u=20 =) k-G =0

incompressibility U is spanned by two independent

vectors perpendicular to k

k 3
kxZ 1 ' U(k) = ¢1el(k) + ¢262(k)
e, (k) = sl = Tezopz —k,
ozl ek g = T(K)-e,(K)
k k 1 o
5 £ = (k, G-k V)
e,(K) = kx—kxf _ 1 kK, JKE k2
[kxkxZ| L fk2+ k24 k2R ke[ R
_(kx-i-ky) _m
Kk .
K 1 - (vortex, rotation)
es(k) — — ky
K i+ k| p, = (k) e, (K)
R
- kK
orthnormal coordinates

(wave, divergence)
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Eio(k)

History of @, energy spectra (N?=100)

100 ! [ I TTTTI [ [ T TTTI [ | I TTTI
10"
L I I 1 1 I 1 | I I I 1 1 1 1 ] | -
10° g &7 0.08 |- < i
10° i T
10—4 . 0.06 i |
ea
10° N i T~ —
'—g 0.04 —
10° E = = i
- - ] —
107 F E 002 - | 0 —
- 7] =1 50
10°® = = - 100
-9 - = 0 L/ | L1 |
10 E 3 0 5 10 15 20
10-10 L1t t
10° 10 10° 10°

First, steep spectrum (~k-3) develops then small scales rise.
10/22



History of buoyancy Reynolds number

R = Fr’Re = vijz HE/(VZ)/T/S L LT

L, : Ozmidov scale L, : Kolmogorov scale

R <1: steepspectrum, R>1: -5/3.
(Brethouwer, Billant, Lindborg & Chomaz, JFM 585 (2007) 343.)
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E_L(Dl(k_l_)

®,(k ) spcetra for various N
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3 + -5/3 for small scales
(different coefficient)
+ -3 for large scales
(same coefficient)
+ There’s a sharp transition

forcing wavenumber band

How to scale them ?

guidelines:
+ The Kolmogorov const. is
universal. (Sreenivasan 85)
+ The coefficient for large
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scales doesn’t depend on N
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e = 2v]TKEWK = 2v ] (k2 +K?) (E,, +E,,)dk

:6‘L

Anisotropy 1n dissipation

o, T Elo, +
_J

\

Y

horizontal dissipation

gzd)l T gzdbz

7

Y
vertical dissipation

(outaf) — <

N2
aulaf’)

(local Richardson number)

N2 €lo, Clo, f &0, A 10, &

1 | 1.63x10° 1.72x10° | 9.28x104 |9.45x104 5.23x1073
10 | 1.24x103 1.46x103 | 1.12x10° |1.18x10° 5.01x103
50 | 1.09x10° 1.10x103 | 2.07x103 |1.74x103 6.00x1073

100 | 6.61x10* 5.93x104 \255)(10_3/ 1.68x10° 6.04x1073
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K®

E, o (k) /Mia,

Compensated spectra
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Conjecture of ®,(k) spectra

where

Mo, = 2v] K'E, (k) dk,
(horizontal enstrophy dissipation)

o, = ZVI:kiE®1(kL) dk,

(horizontal energy dissipation)
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Transition wavenumber
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Eiolk)

®,(k ) spcetra for various N
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E:d) (k:‘)

D, (k,) & d,(k,) spcetra for various N

®,(k,) wvortex d,(k,) wave
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+ flat spectra at large scales
+ Steep (-3) spectra at small scales for strong stratification
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Compensated spectra for ®,(k,) & ®@,(K,)
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More than 1 Inertial range

gEK(kL) = Te(ky) + B(k,) + De(k,) + Felk,)

[ T(k) = —Im X P, (K) G0, (P)T, ()

k+p+g=0

{1 B(k.) = Re X P,(K)G,(K)(p)

k+p=0

( De(k) = —wE (k)

K
KolmogrovELii ——— _,r T.(k) dk, = - ¢ (flux)
0

b;
wHAGER  — [T (k) dk, = - 4 (" flux)

?
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Summary

¢ Energy spectra are investigated for stably stratified turbulence
with 10243 pseudospectal DNS simulations.

¢ Horizontal spectra show clear transition from 2D to 3D
Kolmogorov spectra.

¢ Horizontal spectra are scaled by anisotropic dissipation of
energy and enstrophy.

¢ \Vertical spectra show a flat part at large scales and tend to have
steeper spectrum(-3) as N becomes large.
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